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INTRODUCTION

Since its development around 1934 (Gilcrest, 1950; Chow, 1959)
by McCarthy (1938) the Muskingum method has been one of the
most popular methods for routing flood waves in rivers and
channels. It is, therefore, not surprising that many investigators
have studied the method and the implications involved in its use
(Gilcrest, 1950; Nash and Farell, 1955; Linsley, Kohler and
Paulhus, 1958; Chow, 1959; Nash, 1959a; Carter and Godfrey,
1960; Kulandaiswamy, 1966; Overton, 1966; Diskin, 1967;
Venetis, 1969; Cunge, 1969; Gill, 1977, 1978, 1979a, 1979b;
Koussis, 1978; Ponce and Yevjevich, 1978a, 1978b; Ponce, 1979;
Meehan, 1979; Stephensen, 1979). Most agree that the effec-
tiveness of this method depends on the accuracy with which
parameters are estimated. Most frequently the parameters are
determined graphically (Linsley, Kohler and Paulhus, 1975;
Viessman, Knapp, Lewis and Harbaugh, 1977). Although the
graphical method is generally satisfactory, it certainly is not the
most convenient one. Furthermore, it entails a considerable
element of subjectivity, and is slow to work with. Therefore, a
more objective method of parameter estimation might be
preferable. This paper determines the Muskingum parameters
using (1) least squares method, (2) method of moments, (3)
method of cumulants, (4) graphical method and (5) direct
optimization. An example is worked out to evaluate the efficiency
of each method. It is shown that it is far more convenient to
estimate the parameters by either of the four other methods, and
that there may exist more than one set of parameters leading to
comparable results.

MUSKINGUM METHOD OF FLOOD ROUTING

The Muskingum method consists of a spatially lumped form of
a continuity equation and a linear storage-discharge
relationship for a specified river reach which can be written
respectively as:

ds

I=0+ dt

S = K[x1+ (1-x0] (2)
where 1 is the rate of inflow, 0 the rate of outflow, S the storage, t
the time, and k and x are the routing parameters. Physically
speaking, kis the average reach travel time and x the coefficient
used to weigh the relative effects of inflow and outflow on reach
storage. x can take values from 0 to .5.

The Muskingum method is a numerical solution of Egs. (1) -(2)
at a time t. and may be expressed as follows:
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where
Ci=(-kx +0.5 At)/C; (3b)
C) = (kx + 0.5 At)/Cs (3c)
C.-=(k -kx-05 A)/Cs (3d)
Ci=k -kx +0.5 At (3e)
L=ty =t | 3D
Further,
Cot+ G+ C= | (4)
and
At > 2kx (5)

It is thus seen that an accurate determiniation of the parameters
x and k is central to the usefulness of the Muskingum method.

PARAMETER ESTIMATION

The storage Sin Eq. (2) is the absolute storage. In practice, itis
the relative storage that is normally available. Thus Eq. (2) can
be modified to incorporate the difference C between relative and
absolute storages:

S = K[xI 4 (1=x)0] + € (6)

Thus the problem is reduced to estimating, k, x and C.

lL.east Squares Method
This method is based on minimizing the sum of squares of
deviations between observed storage and computed storage fora
given inflow-outflow sequence. Mathematically,
N .
L= X8-Sy =>min
==
where S.()) is the observed storage for the j-th time interval, 5 ()
the estimated storage for the j-th time interval and N the number
of data or times of observations. E is the error function to be
minimized. Equation (7) can be written as (dropping j for
brevity),
N

(7)

I = ;;IS.-R:\I - k(1-x) 0= CY =>min (%)
il
Thus we obtain:
_ Yi1Z2 = Z1y> (9a)
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A= ¥i- BF (9b)

C=(ZS,- AXI - BZ0)/N (9¢c)
where

h f = ZSol - (ZSQED/N

y: =3I - CDYN

ys = X01I - Z0ZI/N

z1 = ZS:0 - (ES.Z0)/N

3= Zlq - (£120)/N

zy= 20" - (20X0)/N

A =kx

B = k(1-x)
Therefore,

k=A+B (10a)

X =A/(A+B) (10b)

Thus k, x and C can be determined objectively and conveniently.
The calculation involved in the method can be easily carried out
on a small desk calculator.

Method of Moments

This method is based on determining first the instantaneous
unit hydrograh (IUH) of the Muskingum reach and then
determining the moments of IUH. If we combine Eq. (1) with Eq.
(2) or Eq. (6), a linear ordinary differential equation is obtained:

I\(l-x)%?+():I+kxil. (1)

dt

It is easy to show that the IUH h(t) of Eq. (11) due to a unit
impulse o(1) of inflow (Nash, 1959a; Kulandaiswamy, 1966;
Diskin, 1967; Venetis, 1969; Dooge, 1973) is

& k(1) )

X
h(t) s TIE Ty mﬁ(l) (12)
Furthermore, if we take moments of Eq. (12) then
Uith) = k (13)
Ush) = (1-2x)k (14)

where U'(h) is the first moment of h(t) about the originand U «(h)
the second moment of h(t) about its centroid. These moments of
IUH can be determined from the moments of | and O using the
Nash Theorem of moment (Nash, 1959b). Thus we obtain:

Ui(0) = UXI) + Ui(h)
Uz(0) = Uz(I) + Uz(h)

(15)
(16)

where U(.) denotes the moment of (.), its subscript denotes the
order of U, its superseript denotes the moment about the origin
and no superseript denotes the moment about the centroid, U.
Thus k and x can be obtained objectively and conveniently by
computing the first two moments of inflow and outflow - one
about the origin and the other about the centroid.

Method of Cumulants
It is easy to show that
= Uith) =k
K = U.(h) = (l1-2x)k

(17
(18)

where K and K are the first and second cumu]ahts of IUH in
Eg. (12). Using the theorem of cumulants equations analogous to
Egs. (15) - (16) can be expressed for K and K- as

(19)
(20)

Ki(0) = Kil) + Ki(h)
K (0)= K.+ K:l) + K:h)
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where K (.) represents i-th cumulant of the quantity (.). Thus an
objective determination of k and x is possible using the method of
cumulants. It should be noted that in this particular case the
methods of cumulants and moments are equivalent.

Graphical Method

This method consists in choosing x such that the loop resulting
from the plot of S versus xI + (1-x)0 becomes as close to a straight
line as possible. The slope of the straight line fitted through the
loop gives k. Obviously, this method, as practiced, results in a
trial and error procedure.

However, it we closely follow the steps involved in the
graphical method and the result obtained therefrom, it becomes
immediately clear that the least squares method is a numerical
expression of the graphical method; hence, the two methods are
equivalent. Therefore, the least squares method should con-
stitute a natural replacement for the graphical method.

In graphical method we try to choose x such that the
correlation coefficient r between S and xI + (1-x)0 is maximum. [t
is well known that

_ COV (5.Q)

L= as gy

(21)
where COV(8,Q) is covariance of S and Q,- standard deviation
of S¢, 7y standard deviation of @, and Q = xI + (1-x)0. For
computation,

= -\‘b = ] (22} .
(X857 %QY)"

k=g (23)

C=8:-%0 (24)

where S is mean of 8 a.nda mean of Q. Thus the problem of
determining k, x and C is one of maximizing r as a function of x.
This is the same that is done in the least squares method.

Direct Optimization

This method determines directly the routing coefficients € .
(. and C without estimating k and x, based on minimizing the
difference between observed hydrograph and computed
hydrograph. The difference can be expressed by an error function

- defined in a least squares sense or differently. In this study we

will employ the least squares error function.
There are, in fact, only two unknowns since the third is known
from Eq. (4). If we choose C . and C - to be unknowns then

X =(C, +0.5C--0.5/C, +C2) (25)

k= At(C, + CH/(l -Cy) (26)
Further,

il =1 ) F Cxfly=05 1) = L =0y (27)

Equation (27) can be used to construct the least squares error
function in a manner similar to that of Eq. (8). If we define

R I, -0,
Lo- Lo

e R

o

E
G
then

R, = Ciky, + CoGy
The error function (dropping the subscript n for brevity) then
follows:

N N
L= X (Ru-RJ) => min
n=1

(29)




where the subscripts (0 and e denote observed and estimated R
respectively. Substituting Eq. (28) into Eq. (29), then differen-
tiating Kq. (29) once with respect to C and once with respect to
C and equating each time to zero, we obtain:

YXRF = CXF + C:XFG (30)

ARG = C2FG + C:2G a1
Solving Egs. (30) - (31) for (', and C .,

Ci= (:RuF!G‘: - XRyGXFG)/DET (32)

C: = (XRsFXF" - 2RFEFG)/DET (33)

where
DET = XG2XF" - (XFG)

Thus, once ¢ and C are determined, k and x can be obtained
using Eqs. (25) - (26). The amount of calculation involved in
determining (' . C and €. is so small that it can be easily
performed on a small desk calculator,

APPLICATION

An example was worked out to estimate k and x by the above
five methods. The example data is from Linsley, Kohler and
Paulhus (1958). The parameters k and x were determined for this
data as shown in Table 1. It is clear that both least squares and
graphical methods yield the same parameter values. The
methods of moments and cumulants both yield the same
parameter values, but lead to a significantly different value of x
when compared with the first two methods. The direct optimiza-
tion yields even more different values of x and k.

Figure 1 plots observed storage versus xI + (I-x)0 for each of the
four methods. It is evident that the three loops in the figure are
not as far apart as their corresponding values of k and x might
suggest. Indeed the loops corresponding to the graphical and
least squares methods with and without C are quite close to each
other,

A comparison of errors, defined as (observed flow-computed
flow),observed flow, is given in Table 2. Observed and computed
outflows are compared for each method in Fig. 2. Although the
five methods yield satisfactory results, the graphical and least
squares methods are more accurate than the methods of
cumulants and moments. The direct optimization appears to be
the most accurate of all. Two points appear to emerge from
analysis of the above data. First, the five methods are com-
parable in their results on the whole. Second, although k and x
are significantly different for these methods, they lead to more or
less comparable results. This suggests that there might exist
more than one set of the parameters k and x for the Muskingum

Table 1. k and x values for the example data of Linsley,
Kohler and Paulhus (1958).

r Method x k :3
| (days) ()
-
. When C=0
l Graphical 0.25 0.638
Least Squares 0.25 0.636
Moments 0.436 0.61
I Cumylants 0.445 0.61
| Optimization 0.16 0.731 !
When C#0
Graphical 0.2712 0.78 | -162351.8
Least Squares 0.272 0.78 | -162391.8
|
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Figure 1. Storage versus weighted flow for different
methods of parameter estimation for data of Linsley,
Kohler and Paulhus (1975).

flood routing method. Comparability of the results indicates that
there is no particular reason to use the trial and error graphical
method.

CONCLUSIONS

The least squares method is a numerical expression of the
graphical method. Therefore, there exists little reason to use the
graphical method as practiced currently. The amount of
computation involved in the method of cumulants and moments,
least squares method and the direct optimization is small enough
to be easily managed by a small desk calculator.
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Figure 2. Flood routing by Muskingum method for
different methods of parameter estimation for data of
Linsley, Kohler and Paulhus (1975).
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